This article was downloaded by:

On: 25 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Liquid Crystals
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713926090

Defect-induced melting in nematic liquid crystals

N. J. Mottram?; T. J. Sluckin®

* Department of Mathematical Studies, University of Strathclyde, 26 Richmond Street, Glasgow G1
1XH, UK, ® Faculty of Mathematical Studies, University of Southampton, Southampton SO17 1BJ, UK,

Online publication date: 06 August 2010

To cite this Article Mottram, N. ]J. and Sluckin, T. J.(2000) Defect-induced melting in nematic liquid crystals', Liquid
Crystals, 27: 10, 1301 — 1304

To link to this Article: DOI: 10.1080/026782900423340
URL: http://dx.doi.org/10.1080/026782900423340

PLEASE SCROLL DOWN FOR ARTICLE

Full ternms and conditions of use: http://ww.informworld.confterns-and-conditions-of-access. pdf

This article nay be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, fornulae and drug doses
shoul d be independently verified with prinmary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or danmmges whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713926090
http://dx.doi.org/10.1080/026782900423340
http://www.informaworld.com/terms-and-conditions-of-access.pdf

18: 23 25 January 2011

Downl oaded At:

LiQuip CrystaLs, 2000, VoL. 27, No. 10, 1301-1304

SR

A
LEAYZ
SRt

P £
Uageq 50

Defect-induced melting in nematic liquid crystals

N. J. MOTTRAM*

Department of Mathematical Studies, University of Strathclyde,
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and T. J. SLUCKIN

Faculty of Mathematical Studies, University of Southampton,
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(Received 14 December 1999; in final form 3 April 2000; accepted 16 April 2000)

In this paper we employ a relatively simple theory to show how a nematic disclination line
can act as a nucleation site for the growth of the isotropic phase. With this theory we are
able to find analytical expressions for the critical temperature of nucleation and the behaviour
of the core radius as a function of temperature. We are then able to compare these results

with a previous numerical model of this effect.

The structure of defects and defect cores in liquid
crystals has long been a subject of interest [1-4].
Previous interest arose due to the disruptive effect of
defects in liquid crystal display devices; recently, with
the development of the zenithal bistable display (ZBD)
[5] in which half-integral disclination lines play an
important réle, there has been increased interest in
defects in displays. This paper is concerned with these
half-integral disclination lines, which occur in nematic
liquid crystals, and the effect they have on the isotropic
to nematic phase transition.

The phase transition between the isotropic liquid phase
and the anisotropic nematic liquid crystal phase is first
order. However, this phase transition is often said to be
weakly first order. The weakness comes from two features
in particular: the entropy change at the transition (small
as compared with kg per particle), and the existence
of almost critical orientational fluctuations close to the
transition. The dependence of the orientational order
parameter S on temperature T in thermotropic nematogens
is typically as shown in figure 1.

In the isotropic phase (S=0) the magnitude of
fluctuations in the order parameter, and hence the
susceptibility to phase change increases dramatically as
the temperature approaches T* < Ty;. A similar increase
occurs in the nematic phase (S # 0) at T * > Ty,;. Typically
the temperature difference T+ — Ty~ 1 K< Ty, which
is another indication of the weakness of the first order
phase transition.
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Figure 1. Typical curve of order parameter against temper-
ature, showing the temperatures Ty;, T* and T *. Full

line: global stability branch; dot-dash line: metastable
branch; dashed line: unstable branch.

The temperatures T* and T * represent spinodal points
of the isotropic and nematic phases, respectively. In
principle, supercooling of the isotropic state or super-
heating of the nematic state can occur at temperatures
T*<T<TN and TNM< T < T7", respectively. In the
case of nematic superheating, the isotropic state is the
minimum energy state and the nematic state is a meta-
stable, high energy state. However, beyond the spinodal
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at which d2S/dr? is a maximum.

point T=T" the metastable nematic phase becomes
unstable with respect to orientational fluctuations and
the isotropic state is the only stable configuration. Thus
the nematic phase cannot be superheated above T *.
In practice, however, even this modest amount of
superheating is not observed.

Mottram and Hogan [6] have carried out a detailed
investigation into the structure of the core of a line
disclination within a model closely related to the classic
Landau—de Gennes model. Related calculations have
also been carried out by other authors [7-11]. The
model describes the free energy of the disclination line,
at a specific temperature, as the sum of the energy
resulting from the difference between the local and
equilibrium order parameters and the energy of spatial
distortions of both the order parameter and director. In
the presence of a defect, a change in the order parameter
is inevitable. In circumnavigating a strength 1/2 defect,
the director must rotate through n radians, and thus at
the centre of the defect there exists a singularity in the
director configuration and a corresponding reduction
in order.

The director and order parameter solutions from [6]
are shown in figure 2. The order parameter in the core
of the defect is reduced, and there is also some biaxiality,
o. The presence of biaxiality, which is associated with a
non-zero amount of ordering about a second molecular
axis, perpendicular to the director, was also found by
Schopohl and Sluckin [7]. The radius R(T') of the core
region can be defined, uniquely if somewhat arbitrarily,
as the radius at which d?S/dr? is a maximum. Using the
numerical package AUTO [12], it was possible to follow
the solution structure carefully as temperature was
increased above Ty;. It was found that stable solutions
R(T) exist up to, but not beyond, a temperature T,< T .

radius, r

There also exists a second, unstable, branch R (T) in
this régime. The radii of the unstable and stable solutions
as a function of temperature for typical parameter values
are shown in figure 3. This plot can be fitted to the
parametric form

a b
T(R):TNI"_E_F (1)
where @ and b are constants that depend on the para-
meters used in the calculation. From figure 3 we see that
the unstable and stable branches of the curve annihilate
at T, and for temperatures above T, there is no solution
with a finite value of R. Thus the only solution is an
infinitely large defect or equivalently the stable isotropic
phase.
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Figure 3. The temperature dependence of the defect core
radius. From the numerical results of [6]. The stable core
radius R and the unstable core radius R, annihilate at
the critical temperature T..
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We now seek a simple thermodynamic model which
replicates these results. We do this by regarding the
radius of the defect R as the relevant thermodynamic
variable, and writing a free energy F as a function of R.
Minimization of the free energy will then lead to the
stable and unstable solutions, R and R,.

Let us consider the director structure shown in
figure 2 (a) contained with a region of radius D, divided
into areas as shown in figure 4. These areas, within
which we will approximate the behaviour of the liquid
crystal, are: an outer region C where the order parameter
is exactly equal to the bulk equilibrium order parameter,
an inner region A where the order parameter is zero,
and an intermediate region B which contains the internal
boundary layer, centred at R, of figure 2 (b). Thus region
A is the isotropic core of the defect, C is the distorted
nematic liquid crystal and B is a surface between the
isotropic fluid inside the defect core, and the nematic
fluid outside. It will be assumed that the thickness of
this surface region dR is much smaller than the radius
of the defect R. It should be noted that the assumption
that S = 0 within the defect core was made explicitly by
Fan [8] whereas in [7], and more recently in [9, 10],
the inexactness of the isotropic defect hypothesis was
emphasized. However, in this simple model of the free
energy we may assume an isotropic defect core. We will
now consider the energy contributions (per unit length
of the disclination line) of each of these regions.

If the entropic free energy per unit volume of the
isotropic phase is f; then the free energy of region A is
simply f.# ,, where ./ , = n(R— 3R/2)* is the area of
region A.

Figure 4. The simplified picture of a disclination line:
region A, the inner, isotropic, core of the defect; region B,
the nematic-isotropic interfacial region; region C, the
distorted nematic region.

Region B is associated with a surface free energy oy
per unit area. Thus the free energy of this region is
o ? , where ¥ = 2R is the length of the surface.

The free energy of the outer region is the sum of the
entropic energy of the nematic phase and the distortional
energy of the director configuration. The entropic energy
may be written as fy.#/ ¢, where ./ . = nD*> — (R + 8R/2)?
is the area of region C. The distortional free energy of
the director configuration is K(V0)*/2 per unit volume,
where K is the Frank—Oseen elastic constant and the
local director orientation 6 takes its asymptotic value
0= ¢/2, where ¢ is the local circular polar coordinate.

The total free energy per unit length of the defect can
then be written as

F=nf(R— 8R/2)+ 2non R + nfy[D?*— (R + 3R/2)*]

1 2n D
+ —KI I (VOR dr d¢. (2)
2 o JR+8R2

We can simplify the quantities f; and fy close to Ty,
using a Landau expansion of each phase,

fu(T): fu(TNI)_ Su(T - TNI) + O(T - TNI)2 (3)

where S, is the entropy per unit volume of the phase a.
Letting o be in turn N and I and noting that by
definition fi(Ty,) = fn(Txi) We obtain from equation (3):

fi— fn= — (8= Sy(T — Tyy) + higher order terms.
(4)

Combining equations (2) and (4), explicitly per-
forming the integration in equation (2) and neglecting
higher order terms (in T — Ty; and dR) we obtain (to
within an irrelevant constant):

K
F(R)= — nAS(T — Ty )R? + 2no R — e InR (5)

where AS = §; - Sy

Let us examine the significance of the terms in this
equation. For T < Ty, the first two terms imply that the
presence of a region of isotropic fluid or a nematic—
isotropic interface leads to an increase in the free energy
of the system. Thus these terms favour a small defect. It
is only the third term that favours a large defect since,
for a small defect, the tightly splayed nematic region
close to the nematic—isotropic interface leads to a large
free energy contribution. By contrast, for T > Ty; the
entropic term in equation (5) is now negative and, like
the director distortion term, favours a large defect. Only
the surface term prevents unrestricted growth of the
defect core.

Typical free energy curves are shown in figure 5. For
T < Ty, the balance of energy terms produces a minimum
energy configuration at a finite defect radius R(T). For
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Free energy, F

Core radius, R

Figure 5. Schematic behaviour of free energy F at various
temperatures. For T < Ty there exists only one energy
minimum; for Tyy< T < T, there exists a minimum and
a maximum; the minimum and maximum coalesce at
T =T, for T > T, no energy minimum exists.

a small amount of superheating, T > Ty, T ~ Ty, the
asymptotic behaviour of the free energy has changed
since F(R) > —© as R —o . The free energy F(R) now
has a minimum at R(T') and a maximum at R, (T). For
a large amount of superheating, the energetic advantage
of the isotropic core is so great that it now overwhelms
the surface energy-induced maximum. The minimum
and the maximum annihilate at a critical temperature
T,, at which there is only a point of inflection. For
T > T, the isotropic defect core grows catastrophically
to invade the whole region.

The maximum and minimum solutions can be found
analytically by minimizing F(R) in equation (4). The
governing equation for R is

oF 0 6
oR (6)

which gives

K
T(R)= Ty + ~2

NMFASR T BASR? 7

which is of identical form to that of equation (1), from
the numerical calculations by Mottram and Hogan [6].
In equation (7) we have assumed that the material
parameters are independent of temperature. This is
equivalent to saying that the first order jump in order
parameter in figure 1 is the dominant effect and the
change in S along the upper branch of the curve in
figure 1 is negligible.

From equation (7) the critical temperature T, is found
to be

2
20%;

T.,= T+
c NI ASK

(8)

and the maximum core radius of the stable solution is

K

4oy

max (9)
which is twice the core radius at the transition
temperature Ty;.

This defect-induced transition is a form of hetero-
geneous nucleation. During such a nucleation process,
the need for thermal fluctuation to serve as a seed for
the new phase can be avoided if there are sufficiently
large impurities present. For sufficiently large super-
heating or supercooling, the impurity will be larger than
a critical radius R (T), and at that point the new phase
grows from the surface of the impurity. The macro-
scopically small, but microscopically large finite size of
the impurity provides a surface free energy term which
increases with impurity size. It is this energy which must
be overcome for nucleation to occur.

In our case the nucleation site is not an impurity
but a defect, but broadly speaking the physics of the
nucleation remains the same. In an analogous fashion,
grain boundaries and dislocations in solids can also
serve as nucleation sites for liquid nucleation. Thus
heterogeneous nucleation can always occur from a pure
phase which sustains topological defects.

We are grateful to S. J. Hogan for useful discussion
during this project.
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